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ArEPLI0ATION Of LIN=A PEMGON(1 IM

PLAZM G 0 ASSOR6U
. U3qR -

L1ollowiAg is a translation of an ertiole br.. L. Terekhe
In the staU- u jourmal PZawyeyj MHiE121
(Plaain4 Nonoar) vo.11, osoov, 1968, pgaoe ?8-78.&

In recent years linear prramida. l, as an effeotive method

for resolving a wide range of plasing-economic problems, has ree-

eived not olr7 roconition in principle, bat aleo significant prac.

tical application. Although in practioe only the most olosely

stuaied types of probleas of linear programing have been coped with

(mostly different variants of transport problmo), the real ecomomi

effeot from their resolution leaves no doubt about the great

potential possibilities of this method. his ts articula y clear

if It is taker into consideration that the effeot &Anievod as a

result of linear programming doeo bot, as a rale, require any kind

of suqvlementary expenditures, but io a consequence of the better

organization of prodnction, fuller utilization of labor and material

Sreouroes, end the perfection of methois and ataly ;t.

L be problem of the further elaboration aW broad atilisati
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Of izarprogramning requiires not only the perfection of that mthodi
frtom tJe mathematical side, but o significant economic work directed

primrily toward the formulation and analysis of new praotical probles

of optimum planning as ell as the inestiation of sev*erl goneral

qpvttioas of an economic oharacter such as the classification of task@

of liznear programing, the selection and basing of oiteia of optim-

ality and others.

In works on linear programming* there to frequently formulated

this so-called basic problem of prodnowtiv. planning with respiect to

vw1Lch other problems are considered as particular oases. Such a

formulation of the question ie typical, for example, in the known

warks of L. V. Xeutorovioh LB..t L. 7. lautotaviah, 24 Ag~~l9

Ca'ig gf, IM 1W.t Utliak~ 9- at sonnzaa USSR Acadfty of

SoLenes ?roes, 196e. h*e basic prablom of productive planning

amounts to the followings tbore Is a certain quantity of produetivo

f*.tore in limitsd '*l=*e; given different possible technological

means of manufacturing products requiring unequal expenditures, the

ossortment or production turned out and Its planning structure Is

fizally known (the conditions of completeness). The Intensity of

sp:lication of different technological means is found by vnich, from

the calculaticn of tihe linitability of factors, the maximum output

of complete production will, be secured. A different formulation of

the p moblem is possible bon the Output Of Production is flied not



1W structure, bat as.Lo by absolute vaue theu, the purpose of 1

computations is to obtain the given production wlth miniru expend-

Itures. Using a somewhat broadened Interpretation of the concept of

"techooloioal means', it is easily possible to bring under the stated

general formulation sach iWportant particular problems as the best

distribution of coponents .asong machine tools, %hee every pair of

omlpon*-tools is considered as an individual tecanologioal means or

tranzport problem, In waich bW te*bnelogical mens there Is understood

the traportation of freight from a definite supplier to & definite

recipient and the quantity of freight indicates the intensity of the

application of this or that means in the plan.

In the problems referred to, the givers structure of production

is the essential condition and the problem consists of such distribution

of tne t&ke as will secure the best effect. Bt in the composition

of the plan the structure of output far from always appears in the

capacity of an evident or strictly determined oharacteristic. On

the contrary, In a majority of cases it is exactly the structural cog

position of production vwich must in the first place be the obj'eot of

optimization in order that the assortment and volume of output satisfy

the requirements of the population and of the national economy to the

greatest extent, and at the sase time mest the potentialities of the

given enterprise or production complex in the best way Lotea the

ioewunstane that uns nomenclatre of production ts established by j

3



)bytne enterprise In the guise of directed tasks doe ot, of coursei

912izlati the necessity for the enterprises themselves as well as

ot~her planning, organs to work at perfecting the planning of asortmost

Is the process of drawing up the plad. Whe leads to another import-

ant group of problems of linear programming which can be designated as

aaseortmenta3. in contradistinction to distributional problems,

Different concrete forms of assortmental problems are known

and there is a fairly significant experience in their resolution

applicable to the activities of foreign finms, Under conditions of

capitalism these problems have a very definite maning.a from a "aI-

culation of productive pawers and potentialities for supplying finish-

ed products, it is required to establish the assortment and valueo of

output securing the receipt of aminm profits. Thoe problems of

plianning agricultural production have an analagouaa character, in which

the optimism structure of areas #own to different crops Is souight,

since productivity In such problems is considered a known quantity,

the determined structure of agricultaral production siaply corresponds

to a certain stmure of sown areas. Problems of formiwiating the

optimum fodder ration, of mixing It and others adjoin this group.

Forally, the tasks of planning iassortment as well as diet-

sibutional tasks come under the general problem of productive planning.

But with the presence of a certain Comunity %aere exists a principal

ecnomic differee between these two tasks. In distributional

4-



poblems an aternaive Consists is toe pe,,biMlity of atili-i7

different tonologtoal means as swh, and it this or that meas is

shown to be relatively disadvantaeous and does not get Into the op-

tinu plan, teA there is Ao i.aLs OQObestaole to the rejection of

that meaas. In assortmental problems alternative 4ocisions do not

have to do with teoenalog but with production iteself, and here it

ts completely clear tuat it is far from simple to decide the question

of roeetiv& the production of less advotageews produots or of the

sharp decrease iA Its prednction If we proceed from the economlc

contem of the aforesaid tasks, then the difference between then is

the differeme between the problem of O*.at to prodae' and the

problem of Ohov to produces*

It is obvious that the planning of too strmcture of assortment

presents itself as a Independent problem the consideration of whiol,

Cenrh11 speaking, n% be begun with the composition of Whe optp-

su.plan. Ytroover, i a senese tae formulation and receipt of the

initial figures in this Problem is more simple ta" in distribtiona

probleat it requires tue knowledge of one technological process for

each type of production (most frequently of ae acting process),

* erm in distributional Problems precise figures on diferent

possible teonoelogioul means are mecesary , frequently inclu n g

twos voih are not used in the practice of proftotion.

L Vitl conpartive simplicityof Its initial oaditions, te

- 5



~problem of planning of assortment MOveS into the not so easily

resolved question of the criteria of optimality. A single and fully

safe oriterion for s ch problems t not difficult to foramlates the

production of an enterprise set to ahe grostit eztont serve to satis-

fy the g aeral popular needs. Roeever, in order to give tais criterion

numerical exression, it Is necessary to eo-measuzee ' the

conu~mption value or different types of profuction. The straight co-

&easuremat of consumption values is generally Impossible, sinoe each

an abstract measare of tAe usefulness of material wealta does not

exist, In sons cases products are co-aeatured according to certain

most important consumption caaraaterlati s (for example. fodder crops

according to tAo content of fodder units). but on the mole am a

possibility is the emeption ratber than tne rule.

On the otor hand, not One of Ut criteria having a quanti.

tative definition ca be used without considerable reservations.

Aplictions of criteria of mnxims profits vnicn are natural under

conditions of capitalism are not, of course, excluded in a planned

economy* but in tAis the deciesve requirement is tnat the interests

of s curing tie greatest profitability do not contradict the receipt

of tAs production necessary to the national economy. la any case.

it is impossible to speak of the unoonditional safety of tals ethod

and two possibility of its utilisation mest be verified wth the

aid of meta.csd of qualitative aR .als.

j



the son rougaly relates to ameorlaportat valuative oritoriT-

to t"e Zazimus of prodation in vlu, ezpreoesea. via its ase Im

the optimum plan tAer enter first of all thoe toes at production

ibion require relatively lower expenditures per unit of value. :a

tAo plan, an a rule, the better assimilated prodution Caine a dvan.

tags over lose assimilated probmotion, tbha requiring tao expenditure

ot more maerial satus n advantege over tbat tuiriag tao ezpenditure /
* of more labor, ete. It ii obvious tnat such a plan will not al vys be

oeeptabe for reasons of a qualitative mature.

The iae&quy of the stated oriteria, iich are capable of

orienting the enterprise to the dvaxetagasee otipuat of prodiwtioh

*hih is profiStable to it.. from the, point of view of profits or 'valtie

and to the detriment of assortment, has been long ad veil known, The

peeoction of exiiting value inieoos is necessary not ouly for the

sake of broadening the bases for the utilisation of mathematical

methods, but aelso in the interest of resolv"ng ny eather problem*

of eonoeia analyst* and planning. Nevertheless. oven the most

perfect value Inices eanot, appaeatys, serve as the ideal criterion

of optimality by relationship to qualitatively heterogeneous production.

All of thie, does not Oa that a mathematical apparatus is not

applicable in the planning of the volume and structure of prodotion.

Mathematical methods, and linear progruamning in partiealao shrply

twoades the pOeeibiile, of eeonomie analysis and permit espee al

- 7u



exermntton on-~c o la. ly tif ic lently

ref'e.ting Ue connecttios and regularities of real ativity. BY

utiliz.ng differ( nt metuods of formutlating the tak, ,si,. varloas

criteria of optimality, correcti- the i tial co4dititons aAd limiting

them in a.nformity with the factort of the previn. ttates of the

experiment, it i,, pos&..bi.e to obtain a whole sortoe of Variants of

the plan by methods of ctualitative rnalys~s to select one of them or

even some. i:teredftate variant which is practically the best act only

according to tlk. rolatlonebip to a particular Criterion of optim-

ality 'bUt also from the Point of view of the main criteriout although

t..is Nst des ntt have a strictly quantitative expregsion.

A~en tl-,e moat geaeral formulation of the preblev. of planning

.te aesortmez permits various por~sibilities of arches for thq

optimuz varlsnt, We assume thatat an ind strial enterprise, YA diff-

e pr, ,rod-act* ca be prodoeod. The eatriuo disposA3 eqiu~pent,

iacluding m differeat givup,, in each of whi.oh enter iuita of single-

type e. kipmeat of a-,pro ntately equal prod ctivity (for sxamuipa,

groups of lathes, milling ard grindftng tools, tc. )t Par each type

of production a definite teoh-ologica, process is known, character-

tzed. by the norms of tlmo aij on procesting R 'ait of good% I on

*quipment of the J group. Given the dispwd fund of tir. of work.

of the equipment of each group (bj). Ilae ankwn. quantitles of the

Sproblern (xi) are the levels of produesion of onch type of praduct.

I !



Arexa& of psrisbU solation of the problesi is limited 'by

the rsq~ireient tbMt thes ge*nr worklo~d. of the equipriot by gop

M-t exoee4 the gV,* Ntuzd of time, 'of its wrk. In other orue for

each ot the a1 grouqp of equipmient a Uere zaet Ue fAlf Illed to codit lots

cj~i~bj~j 1 .2,3..,v)

In t.i* most simpla case of the statod tonAlitiont (thar '*tth

tho *bvlo-,n c iudition of v~a non-nA*t1yG S1inficance of 2. it it

co'f laten t o reool. tho prolbloi at the optinua, or more ,ie

at tet v zine in& tbe- ggivn formulat~on. the, problemn at the

..,11zw lose* its imsport. Profits or prodinction in tho val1ied cale-

alatiot ny qierve as tktie oriteris, of usehixisation. 1-1,e --Pi~r' "e-

tfs accordnl show that limited volume of profit or poatn

,Which a* in genAeral ba eobc1.eved =Madr 6ie civen condiiou. Thor.

is no doubt that the preseoioe of those chmamcteriatics has im~pot-

ze for t,;A further woft of oomposine the plan at the 7ery 1I6ast,

the poesibility to jk%4g* ho4 awh the rstist~t accoirdingq to t".. level

of yoits~btlt and volatte of pro&action dettuitively secared in

the plain differs from the, optirmm If tis relatinalhip of jertants

Is snhown.

Howovew, In the most simplt schex* of the ptcblein add-aaed,

there ars iaking mbatever l.imitations m~ay be lUid on the deionzd



F-or production; in other words, it is assumed that for each type of

production, the need sigtifiantly exceeds the capabilities of the

enterprise. As a reaalts in the optimum varianta there are shoyn as

presented only some of the designations of products, and a majority

of those remaining "s $Iees a4tategeoms" do not get into the planm

%iat solution, if it can have a practical significance, does so only

in eases when the possibility of supply actually much exceed* the

productive capacity of the enterprise and is the basis of specil- *

sivig It in the production of a limited assortment of products.

Usually it is necessa y to consider demand as the means of

introducing supplementary limitations into the conditions of the

problem. If the requirement and possibility of spply by individ.

ually designated production does not exceed the determined volume,

then for the corresponding variables limitations are introduced

from above; If, in addition, some other types of products must be

turned out in quantitites, then limitations are applied from below,

not excluding, it would seen, the two-aided limitation of variables.

Natuxallr, t e introafstion of vupplementary limitations reduces

freedom of selection in searchiag for optimum variants, but only

with very rigid limitations ts the area of permissible alternatives

so narow that it does not require special accounting methods for

obta.ining the best plan for satisfying all the initial Oonditions.

In any optimum plan reached by methods of linear program-

.Lng, the most effective oolaitionunof utilization of equipaent am -

-10-



other productive resources Inoluded 'An the problem are Always secured.

With sa-A criteria of optiaality &* profits or value of proAu tion,

the effectiveness of atilizatiou of resources is uderstood, of course,

from the point of view of exactly these criteria. However, the index

of atilisation of the aees of production itself cam serveas a

criterion of optimality in the problem of productive plannizg. Thus,

In a contemplated problem of planning assortment, a varift of the

program of production can be obtained in which the general fund of

time of work for all, equipaeat is utilized to the greatest possible

extent; in otner words, underloadi3g of equipment is minimal. This

is achieved on &*count of the letermination, by methods of linqar

progrsing, of such a oposition of production turnd out as

corresponds in the best way to the composition an productive eapa-

city of the equipment beinC applied.

Another possible formulation of the problem is related in that

in a number of cases there etists not one variant with a maximal

loading of equipment, but a amultiplS.city of variants in any of wnich

full utilization of proluwtive capacities is secured. When the

requirement of full loading of equipment is introduced into the

probl as a wiy of corresponding presentation of initial limit-

ationas, and for all or Goae groups of equipment instead of the

inequalitios

-11-



there are applied equations of the type

ijjXi - bj.

it Signifies that in the optimum plan esuipment of corespotdiug

;roups must be fully utilized. Conditions of such a enatacter are

useful to apply, for exemple, in regard to the most productive,

expensive or critical equipment.

Since in the given case the condition of maximal utiliwttion

of pr-oductive capability is not foral y a criterion of optimality,

bat relates to the umber of iraitial limitations, and sice alter-

native variants of tat solution exist, there is the possibility of

making a calculation from the point of view of different criteria

of ef ect veness. Variants with maximum profit and the greatest

level of production according to value can be obtained; in addition,

with thii new formlat4on, when at the extreme tkesaure some of the

limitations hAve a sort of equality, the problem can be resolved

not only at the maximum but also at the minimum, for example, at

the minimum expendituret of labor, critical material*, etc. In

esaeoe, to some extent two criteria are simultaneously applioed to

the problem, of which the second serves for the selection of one

optimiu variant among. series of variants whicL- are optimum from

the point of view of the first criterion, which is the full

jiuilisation of productiie capabilities..



)

It is easy to ss, Wat even the most g.nera. type of problem of

plauning production permits sach broad and various possibilities of

msalysis with the application of sathemstioal methods tuat there are

created all the premises for forming an actually optimum plan. optimum

ezactly In tao sense of the best combination of the general popular

Interests with tnoe interests and capabi.ities of the enterprise.

Am an example of the problem of formi g ,an optimum assort-

ment, there ts given below an account composed from figures of one

of the shops of a Xoscow factory. The shop produces a locksmith

instrument of the sixth designation which Is basically earmarked for

sale to te pio. ulation.

In Table I there are Shown the norMs of time in minutes for

proessiang units of een type of article on equipment of five groups

(drilling. lathing, grinding, round milling and flat milling tools)-

there are also shown the figures on the disposed fund of tine in

hours for each group of tools. -

TA3LU 3._______
Article Gro -of Zii-uent

I I III IY V

A................. 7.5 1.8 3.8 1.5 10,1

.................. 0.7 0.6 0.4 - 211
o. ........ ............ 16.0 7.2 3.3 8.4 0.6
D ....................... 2.0 0.8 0.9 0.4 -

....................... 4.1 0.2 ,.0 0.3 1.9
........... ...... 0.8 0.2 2.9 - 3.0

1 %nd of time In Houirs 40500 16O0 2W350 8100 16300

The problem of planning assortment, as is shown above, permits

-13-



different aetnodt of formulation and various crteria of op.timality.

I, reprecents the interest not only of tae Dlysis of possible opt-

iasa variauts but &lo their oomparison with variants cbtainoe with-

ou.t the applicat ion of linear programing. In Table a there are given

four variants of te progra for tte problem consid-red. The first

of tiese corresponds to the actual annual plan-of the shop for 196.

The plan is somewhat lowered Ii comparison with the possibilities

2i t . equipmftnt, even if the structure of output envllsionel in it

c.es not deviate. I or tais reason another variant of the program is

show in tue Table, wutch is caloulated at aaxiaua output with a

rediotion In tae plnned struture of assortment. Since alternative

techoologioal means are absent in tue problem, tae calculation of

this variant is carried out with the aid of elementary examplee.

Zhe third and fourth variants of tan program are obtained

by we simplex method of linear programmin.. Profit Is the

orierion of optimality in beth oases, but, in oalculating the

,tard var nt the initial limitations are given in the form of

inequalities, and the fourth, in the form of equalities; teat is,

in tne latter case there was posited tae condition of full util-

JiiAton of equipment of sach of tat five groups. Thus, athemat-

tc:ally, the conditions of the problem have the following aspect:

(and for the latter variant

-14-



I special f anction ZpJr-

(p, ! profit per unit of articles I).

For each of the programs in Table 2 along with the quantity

of articles accordin 'to type tuere is given a summary index oft

level of production in distribution prices of tMe enterprise* planned

profit And utilization of equipment in percents of the general pmanaed

fund of time of its work.

It is easy to see taat ta pla=ed structure of production

allows oaly about a two-thirds loading of equipment, since with this

structre one of the groups of equipment (in the given instance mne

third) ic in a "narrow5 place, and tAe possibilities of the remaining

group are to this or that extent uAderutilised. Linear programming

gives that composition of production which to the greatest extent

corresponds to tie quantity and composition of tne available equip-

ment. A maarp (by 2.5 to 3 times) increase in tae indices of pro-

duction and profit in tas t-,o lat er variants of the program in com-

parison with tre two first is clarified not si l 'by the selection

of the most profitable article, but by tha.t selection of the structure

of output walch permits the full utilization of equ.ipment and on

account of this yields supplementary production. This Is especially

noticeable in the fourth variant, vhIch contains almost all of the

initial types of articles but on account of changes of structure in
/./

,comparison ith the plan ensures a sii~ficant Imrovement of al

-15-



TLRLRa.7Idee.-'

By plan jYaxiui Program Program
Indies of enter- outout in for with fal

orise planned maximum use of
_____-- _ __ _Jstructure Profit equipment

Quntity of articles f1
(in thousand Dieces)

A. ........ , . ...... 14, 17,3 96.2 48.7

50;3 #'.,# .. ..... I a

12.A 14.5 -. 9,0
. 287,o 337.9 64, %1 8,6

....... ............ , 2,,2 -

. ..... ..... 211 ,5 249,0 - 46,
Produotion (in thou, 2073,4 2433,6 5768.1 $730.2P r j a n , r u b l es

otof fs n thou ana 461,1 641,4 1596,6 138i1,Ut .!izatio o e f 3.4 6W7 96,8 100.01

equipment (in ') I

Analysi-o of the program with f 'll utilization of ejuipment

cez =conditionally facilitate the discovery of latent recerves of

increAing prcduction, *Inc* frequently the Irrational etructure of

products, bain produced causes a significant uuderloading of the

calpbilities of the enterprise. Even if in conditions of deamszd It

Is fuLly permissible to ohange assortment for inproving the uti1-

itAtion of basic means and iureasirt the output of prwodtion,

-16-



the element1al methods of oaleo0sting do act Permit this to be dofte,

eepecially ven t1e problem relates to the enterprise with 0ffa tt

equipment and a large noamenclature of goode being produced. hr this

reason Ue setting of assortment and staetOre of production In eon.

formity vith the composition of eqU1pm*et is one of the most valuable

;ossiilities presented by lnoaer progr.mi g .

i is not eoluded, of course, thxt the optimum variants obtainaed

In the eomwple under consideration *A be sown to be uaeooeptatle,

since tl criterion of profit is tot deciuive in planning assortment.

Practically, tAi is epressed in that *one articles ust be produced

in grester or lesser quaatity tha is envisioned In the optimum

variants obtained at the outset, In this cases as will be remembered,

limitations can be laid on to the oorresponding chAnges, and t,.e

optimum vanri.nte reconsidereA with acoouat of suh limitations. ften

the mathematical model Is supplemented (to a esevere degree for sowe

goods) bW limitations which my have the following types

X1 < /
k <<7,

it is also useful to consider &nd aftlyze programs %hich are

optimum in relation to other oriteria, in partioular the criteria of

maximum goods prodcotion. 4ualltative analysis of dWfferent var-

Isats in %the finalacoient permits selection of the basic a accept.

able resolution, -

L _7.



In estimating this or that variant U assortment tasks froa the

point of view of their corresponding dea and need In different types

of production, It Is necessary to a lesser degree to consider two

obstacles. Firet, one and the time article may be produced, and as a

uile, is factually produced not eay in the given but in other enter-

pries*. Mhe relative 4disadvntage of some artiles at a given dof-

inite enterprise does not at all signify that the same thing will take

place in other production. It Is sufficient to have another composition

of equipment tnd auother value bp t"pe of article - and the optimum

assortment is sharpy altered. This gives the possibility by way of

rational planing of assortment at a series of enterprises of one

profile to obtain the Improvement of productive Indices without

lowering the output of soe articles, that is, one the whole to in-

arease the prodaction of all tpes of products taken into acoant.

$econd, demand Itself Is nct 4achaneables and its sits does

not, in the final analysis, depend on the level of prices. Opts*-

isstion of assortment, as is seen from the given example, in and

of itself leeds to a definite increese in the profitability of

production. In addition, premises are created for a definite lower-

Ing of the cost of production -- first of all on account of the

better utilisation of equxipment. This causes the possibility for a

lowering of prices especially of taoseg oodsrd h out;ut of which is

forced into conformity with the 6ptimus plan. It is natural that

lin conditions of reduce4 prices tae discover of supplementary needs
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ad Aan increase in dean can be espected. Influence It thil or that

direation on the structure of desaxd as a way of reviuing prices must

of course be Use& In qualitative relationships.

Yho volume and assortment of produots lbeing produced elat e

to a uomber of the most import and defi. ne indices in the plan of

any eaterprise. The. definite intoe oha*abillty of individual pro-

ducts for their consumers, the presence of n atisfactory delmand on

some moans of production and articles of consumption and the possibility

of the production of the same products by different enterprises cause

a multiplicity of aeobevable variants in the deteraivtion*'c tasks

of assortment. ITneltiaion of these variants by methods of linear

programmig can reoder considerable help in the revolution of the

following questions: specialization of enterprises in the production,

of products ce olosely corresponding to their resources; increases

of profitability of production by way of determined changes of &ssort-.

sent (particularly applicable to planned-unprofitable enterprises);

imoapement of the utilisation of basic means right up to the receipt

of a program of production ensuring full loading of all equipment on

hand.

OA the whole the establishment of rational structures of

production with the aid of mathematical methods will facilitate the

tuproviem~at of the basic work Indices of enterprises, inoluaing

Indices of cost and productivity of labor and the more couplete

.jsaotioao dmand i& conformity with prodactimo J
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